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1. Introduction and summary

Let /7; denote a normal population with unknown mean y; and known variance
a,.z (1=i=<k). Without loss of generality we label the populations so that 0'125
0225 e a,f. To avoid trivialities, we assume that at least one of these inequalities
is strict. Let © denote the space of all parameter points w = (g, 6>) where u=
(s 1oy ..oy 1y ) and 02:(012, 022, ...,o,f). Let 3= < -+~ <y, denote the ordered
values of the u;. We assume that the correct pairing of /Z; (and hence of a[z) with
uy;; (1=i, j<k) is completely unknown. The experimenter’s goal is to select the
population with mean u, (referred to as the ‘best” population and assumed to be
unique). If the decision procedure selects this population then a correct selection
(CS) is said to have been made.

We adopt the indifference-zone approach of Bechhofer (1954) for this selection
problem. In this approach, consideration is restricted to those procedures which

guarantee the probability requirement:

inf P(CS)=P* (1.1)
2(5%)

where
9(5*)={(1)€Q’,u[k]—u[k,]]25*} (12)

is the so-called preference zone (complement of the indifference zone in ), and
d0*>0 and P*e(1/k, 1) are prespecified constants.

Throughout this article we consider only the ‘natural’ single-stage selection
procedure R, which takes independent random samples {X); (1=j=n;)} from the
II; (1=i=<k) and selects the population that yields the largest sample mean,
max, ., X;, where X,;= E;”:] X;;/n; (1=si<k). The globally optimal choice of the
sample sizes #; to guarantee the specified probability requirement (1.1) is the prob-
lem considered in the present article.

The optimization problem that we wish to solve is the following.

Exact Discrete Optimization Problem: For given ¢ and total sample size N, and

specified d%, find the allocation n=(n,, ..., n;) which achieves

max inf P(CS) (1.3)
Q%)

where the max is taken over all allocation vectors n subject to ¥¥_, n;=N; here the
n; =0 are integer valued sample sizes to be used in the procedure R. We denote the
solution to (1.3) by 7 =(#,, ..., Ai;) and refer to it as the globally optimal allocation.
(For the sake of conciseness, we will drop the prefix ‘globally’ from now on. Thus
an allocation referred to simply as optimal will be understood to be globally op-
timal.) It is easy to see that 7 also solves the dual of this optimization problem,
namely, it guarantees (1.1) with the smallest possible total sample size N= Ef.;l A;
for specified P*. We primarily address the former problem (or rather a continuous
approximation of it given in (2.6)) in the present article.
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A convenient choice of the n; (ignoring the integer restriction on them) is one
that makes Var(X;) (1<i<k) equal, i.e.,

2 2 2
g @ g
Rt B S (1.4)
nooom s

This allocation has the advantage that standard tables such as Table I in Bechhofer
(1954) or Table Al in Gibbons, Olkin and Sobel (1977) can be used to determine
the n; necessary to guarantee (1.1) using R; see (2.12). In Bechhofer (1954) it was
pointed out that the allocation (1.4) is not optimal for k=2, the optimal allocation
(again ignoring the integer restriction on the n;) being

gy (¢p]

. (1.5)

n.on
Dudewicz and Dalal (1975) have studied for k=2 the relative efficiency of the
allocation (1.4) with respect to the optimal allocation (1.5). They have shown that
as 012/022 approaches zero, the allocation (1.4) requires twice as many observations
as that required by the allocation (1.5) to guarantee (1.1).

For k=3 the optimal allocation has not yet been determined. Tong and Wetzell
(1984) have given some asymptotic results but their emphasis is on the sequential
setting. Gupta and Miescke (1988) have considered this problem in a decision
theoretic framework. In Bechhofer (1954, p. 24) (where the problem was first posed),
in Hall (1959, p. 965), and in Dudewicz and Dalal (1975, p. 34) it is stated that for
k =3 the optimal allocation appears to be too complicated for practical application,
while Gibbons et al. (1977, p. 68) remark that (1.4) may not be optimal for k= 3.
In this article we prove that for k=3, the allocation (1.4) is in fact locally optimal
for certain ranges of values of the parameters of the problem. More precisely, let

1=8*)N/G (1.6)
where

1 k
a’=—Y o} (1.7)
k /2

We show that for given variances 012, ...,a,f, the allocation (1.4) is locally optimal
except for A, <A< Ay where 4; and A are two critical constants which can be
determined explicitly by solving a simple equation for each. Since infg s+, P(CS)
for the allocation (1.4) is a strictly increasing function of A, the above limits on A
imply corresponding limits on P*, namely, P, < P*< P,. Furthermore, letting

Bi=0?/G* (1=<i<k), (1.8)

we show that A, (P;) depends only on £, while A;(P) depends only on f;. Thus
the determination of P; and Py requires only the specification of the largest and
smallest relative variances (with respect to the average variance), respectively. In
most practical cases of interest, P, is quite small (0.30~0.50), and so it is only P
that needs to be determined. We show that A, <oo (P <1) always, while 1<
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(Py<1) only when

k

ST

(1.9)

i.e., when alz is ‘sufficiently’ large with respect to &%; otherwise Ay = oo.

Although we have been able to derive analytically only local optimality results for
k=3, nevertheless these results are valuable for the following reasons: (a) Numerical
searches for k =3 indicate that local optimality of (1.4) indeed corresponds to global
optimality; we conjecture that this is true for k>3. (b) These results yield insight
into the nature of difficulties and the structure of the solution. As indicated above,
this problem has been studied for more than 35 years by many researchers, and a
complete analytical solution, particularly for k>3, appears very difficult. The pre-
sent work represents the most significant stride that has been made toward the
solution,

The outline of the paper is as follows. Section 2 gives a mathematical formulation
of the optimization problem. Section 3 gives the main theoretical results of the
paper. The special case k=2 is discussed in Section 3.1. The new results for k=3
are summarized in Theorems 1-3 in Section 3.2. The proofs of all of the theorems
are given in the Appendix. Section 3.3 gives a table of critical values of f§, for
selected values of & and P*; this table is useful in determining whether allocation
(1.4) is or is not locally optimal. Section 4 gives the results of numerical searches
for the optimal allocation that we carried out for k=3 and for selected a? con-
figurations when allocation (1.4) is not optimal. Section 5 gives concluding remarks.

2. Problem formulation

Let
Q6" ={weQ(6*) | ui=uy} (=i<k), 2.1)

i.e., 2,(0%) is that part of the preference zone 2(J*) where the population having

the variance a,.z is the best population. It was shown in Bechhofer (1954) that for

procedure R with any choice of # and for any fixed known a?,

inf P(CS) = P, (5+(CS) 2.2)
(%)

where u;(0*) is any g satisfying
M= =i =P = = M= = 0%,

i.e., u(6*) is the so-called slippage configuration with ;= uy (1=i<k). Denoting
P, 5+(CS) by P; (1=i<k) we see that

inf P(CS)= min P;. 2.3)
Q") 1<i=k
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If we let
yi=n/N (1<i<k) (2.9)

then it is easy to show that for fixed y=(yy, Y2, .-+s ¥x)>

k

P,-=P,-(7H,ﬂ)=\w 11 @05, /B,e/B 77+ g dx (=i=k) @.9)
Jow /=

J*Ei

where @(-) and ¢(- ) denote the standard normal c.d.f. and p.d.f., respectively, and
A is given by (1.6).

For given N, B=(f,, Ba, ..., B;), and specified J*, each P; is a function of the
discrete valued argument y since each y;=0 is a multiple of 1/N with Z;:l y;i=1.
For any given k, ¢, * and N, the exact integer-valued optimal allocation 7=
(A, Ay, ..., Ay) that maximizes (2.3) where Z,’Ll A;=N can be found by enumera-
tion. However, this is only feasible for small values of N. Moreover, the integer
solution has the disadvantage that a separate answer is needed for each (6*/4, N).

In the sequel we seek an approximation to this integer programming problem that
does not depend on d*/G and N separately but rather only on A =¢5* VN/&. To this
end we henceforth regard the y;=0 as continuous variables summing to unity and
ignore their dependence on N. This continuous approximation obviously will
become more accurate as N increases. This same device was employed in Bechhofer
(1969). Thus P;=P(y |4, B) can be regarded as a continuous function of y for
given B and specified A =0. We refer to any y in the (k — 1)-simplex

k
r= [r: 120, ¥ 7= 1}

as an allocation.

We now state the continuous optimization problem (which is an approximation
to the exact discrete optimization problem (1.3)) as follows:

Approximate Continuous Optimization Problem: For given f and specified 1 =0
find y € I" which achieves

max min Py(y |4, B). (2.6)

yel l=isk

We denote the solution to (2.6) by §=#(4, #) and refer to it as the optimal alloca-
tion; we denote the corresponding max-min probability by £ = P($). For fixed given
B we will be interested in studying the behavior of # and P as functions of 1.

We conclude this section by showing how to determine the sample sizes necessary
to guarantee (1.1) when allocation (1.4) is used. Denote the allocation (1.4) by
0= v, ..., y0) where

1 2 Be Ei, i:;. 2.7
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Note from (2.5) that

Py’ |4 B)=Py(° | A, B)="=P(?°| 1, B)=P°(A, B) (say) (2.8)
where

P2, p)= r <15k1<x+ %)q)(x) dx

_ \ ¢k1< F)mx) dx. (2.9)

If c(k, P*) denotes the solution in ¢ to the equation

o

\w & (x + ) (x) dx = P*, (2.10)

v — 00

then the total sample size N 0 required to guarantee (1.1) when using the allocation
(1.4) (or equivalently (2.7)) is given by

clk,P*))? &
N = i(é—*)} P (2.11)
i=1
ThF corresponding #;’s (denoted by n?’s) are given by
clk, P* 2
0 {—(T)} o? (1=i=k). (2.12)

The critical constant c(k, P*) is tabulated in the references cited following (1.4).

3. Optimal allocation for k=2
3.1. Special case k=2

For k=2, we see that (2.5) reduces to
Py=Py= B[/ {B1/y1+B:/72}"],

and the optimal allocation for a// A=0 is given by (1.5). The case k=2 has several
special simplifying features, which do not extend to the cases k= 3. These features
are:

(i) For any fixed g, 6% and p, the P(CS) is the same regardless of the association
between uj;; and ajz (i, j=1,2). Moreover, the allocation (1.5) maximizes this P(CS)
at any g, not just at the slippage configuration.

(ii) This P(CS) (in particular, P, =P,) can be expressed as a univariate normal
c.d.f., which for given N is maximized by minimizing Var(X, - X,) = 02/n1 +0; 2/n,
subject to n;+ny=N.

For k=3 the P, are in general different. Furthermore, each P; is a multivariate
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normal probability, which depends not only on the Var()—(,-—/\_’j) but also on the
cort(X,— X, X;— X;)) (j#j'#i, 1<j,j'<k).

3.2. General case k=3
In this section we determine the range of values of A for which the allocation y"

given by (2.8) is locally optimal when k= 3. The principal results of this section are
summarized in the following theorems:

Theorem 1. Define
A(R) = \lw x¢>"‘2(x)¢(x)¢<x— i) dx 3.1)
) yk/) '
By < 2V 20000 x— 2= ) d (3.2)
= X—— X)px)p{ x— —= ) dx .
| (3%) ()
and
GA)= k A% (3.3)
k-1 AN -BA) '
Then the allocation (2.7) is locally optimal iff
GM=p, or GA=P,. (3.9)
Corollary. For A =G~ '(1) (that G~ exists and is unique follows from Theorem 2
below) the allocation (2.7) is locally (and, in fact globally) optimal iff 012 == (7/?.
O

Theorem 2. For A>0 the function G(A) is continuous and strictly decreasing in A
with lim,; _,, G(A) =00 and lim, ., G(1)=k/2(k—1). Hence the condition (3.4) is
equivalent to the condition

A<y or Aziy, (3.5)
respectively. Here A, is the unique finite solution in A of the equation

G)=8 (3.6)
with B= B, and if (1.9) is satisfied then Ay, is the unique finite solution in A of (3.6)

with $=p,. If (1.9) is not satisfied then (3.6) with =, does not have a solution
and in that case we define Ay = .

Corollary. The allocation (2.7) is locally optimal iff the specified P* is < P or = Py,
where

P =

@k‘1<x+ ﬂ)q)(x)dx 3.7)
7 .

v —00
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and
) o ﬂ) ) k
j_mdi <x+ﬁ @(x)dx zfﬁ1>———2(k_1),
P, = i (3.8)

! if’BISZ(k—l)'

We now give (in Theorem 3) an alternative representation for equation (3.6) which
is convenient for computing. This representation involves multivariate normal
c.d.f.’s for which we use the following notation: Let X|, X5, ..., X, have a joint p-
variate normal distribution with zero means, unit variances, and common correla-
tion g=corr(X,, X;) for i#j (1<i,j=<p). We denote the equicoordinate multi-
variate normal probability

PX,=2x,X=x,...,X,<X)
by @,(x | 0). For p=1 this probability is simply the univariate normal c.d.f. denoted
by @(x). For p=0 we define this probability to be unity.

Theorem 3. Set 1=1//6k. Then A, =1.)/6k where 1 is the unique solution in T
of the equation
@ Tl kk-2)
OBy _s(/Y2[3) 32k - 1)B—K]

with = f. Similarly if condition (1.9) is satisfied, then Ay = 1)/6k where 1y, is the
unique solution in t of (3.9) with f=p0,.

(3.9)

Remark 1. For 7> 0 the left-hand side of (3.9) is positive which leads to condition
(1.9). (Note that g,>k/2(k— 1) always.)

Remark 2. For k=3 the left-hand side of (3.9) reduces to 1®@(1)/¢(t) which is very
simple to evaluate.

3.3. Table of critical values of B, for k=3

Table 1 gives values of the lower bound on 8, say B, and the values of the
associated lower bound on P, say P}, such that for P*= P} (for P{f=0.80, 0.90,
0.95 and 0.99 and k =3(1)8), the allocation y° given by (2.7) is locally optimal if
B1=BF. We also have added a row for Pj=1 in which case B} =k/2(k—1).

To illustrate the use of this table, suppose that k=3 and P*=0.95. If §,=
B=0.806 then y° is the locally optimal allocation, and the corresponding sample
sizes required can be found from (2.12) once §* is specified. If #, <S8 then the op-
timal allocation is not given by p°.

An analogous table could be given for 7 for selected values of P* such that for
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Table 1
Critical values 8
Py k

3 4 5 6 7 8
0.80 0.907 0.854 0.826 0.809 0.798 0.791
0.90 0.838 0.810 0.748 0.731 0.720 0.712
0.95 0.806 0.741 0.708 0.690 0.678 0.670
0.99 0.775 0.670 0.664 0.643 0.629 0.620
1.00 0.750 0.667 0.625 0.600 0.583 0.571

P*< P, the allocation y° is locally optimal if g, <p;*. However, such a table is
likely to be of less practical value since large values of P* are more common.

4. Numerical results for k=3

In Section 3 we derived a necessary and sufficient condition for y° to be locally
optimal for any k= 3. In the present section we investigate the nature of the (global-
ly) optimal allocation when that condition fails, i.e., when P <P*< P;. We also
investigate the amount of the associated saving in the total sample size in com-
parison to that required by the allocation y° to guarantee the same probability re-
quirement (1.1).

An analytical characterization of the optimal allocation appears to be very dif-
ficult when P; < P*< Py holds. Therefore we decided to investigate numerically
the behavior of the optimal allocation as a function of P* by performing a search
in the allocation space I'. This would be a very formidable computational task for
large k, so we confined our attention to k=3, in which case the search is only in
two dimensions.

For k=3, we present the results for a total of six el= (012, 022, 032) configurations.
The first three configurations have 032/012:3, while the second three have
032/ 012 =10. These configurations and the associated # vectors are listed in Table 2.
Note that the optimal allocation (and, as will be seen below, the relative saving in
the total sample size) depends only on the relative magnitudes of the 0'1,2, not their
absolute magnitudes. For each configuration, we have B, <k/2(k-1)=0.75 and
hence Py=1. The P, -values associated with each configuration B (recall that P,
depends on # only through 8,) are also listed in Table 2. For each configuration
the optimal allocation was determined numerically for P*=0.80, 0.90, 0.95 and
0.99; note that this practical range of P*-values is well in excess of P, for each
configuration.

The numerical search for the optimal allocation was carried out as follows: Let
A% be the A-value required using the allocation 7° to guarantee the probability re-
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quirement (1.1) for specified P* and for any 6*>0; from (2.9) we see that A°=
]/Ec(k,P*). Let 1<2° be the corresponding A-value required using the associated
optimal allocation §. Starting with A° we decreased 4 in steps of 0.001, determining
the optimal allocation § and the associated max-min probability P for each A (note
that P decreases with 1), until the smallest possible A for which P= P* was attained.
This is the desired value of 1, which is tabulated together with # in Table 2. A mesh
size of at most g was used for each p; in the search over the allocation space I

The percentage relative saving (li\S) in the total sample size resulting from the use
of the optimal allocation § instead of the allocation y° to guarantee the same prob-
ability requirement (1.1) is given by

RS = N°-N 100 = @07 - @y 100 4.1
R e B v

The values of RS are also listed in Table 2.

From Table 2 we first note that, as one would expect, the relative savings are sub-
stantially higher for the configurations with 032/012: 10 compared to those for the
configurations with 032/012:3. Thus the relative saving in the total sample size
from the use of the optimal allocation § (in comparison to that required when using
the allocation y°) appears to increase with 62, /2. . Of course, the relative saving
is not simply a function of o2, /a?,,. For example, the relative savings are quite
different for the cases ¢>=(1,10,10) and (1,1, 10). For each configuration, the
relative saving is highest for P*=0.80 and decreases as P* increases. For the con-
figuration y2=(1, 1, 10), the relative saving is nearly 23% for P*=0.80. This in-
dicates that there is much to be gained by using the optimal allocation 7 instead of
the ‘convenient’ allocation y°, particularly when o2 /2. is large and P* is in
between P and P,. We should, however, stress that although the relative savings
are small for large P*, the absolute savings, N® — N={(1%)* —(1)*}(6/5*)?, can be
quite large, more so when J§*/& is small.

In practice the numerical search for the optimal allocation # can be prohibitively
expensive and possibly even infeasible for large k. Therefore it would be desirable
to have a simple heuristic rule that would improve upon yp° and possibly serve as
a reasonable approximation to the optimal allocation $. With this in mind we now
carefully examine the §-vectors listed in Table 2.

In several cases we note that 7 does not change as we vary P*. We do not have
a simple explanation for this behavior of the optimal allocation. We also observe
quite unmistakeably that J?,éy;) iff f;=1. In other words, 7 allocates a smaller
(larger) proportion of observations (than that allocated by y°) to any population
with larger (smaller) variance relative to 2 which results in the inequality (general-
izing from k=3 to £>3)

fl )’)2 yk (42)
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We know that g, %]/E depending on whether §;= 1. Therefore the allocation § with

N

VB VB2 VB’
which chooses the #;’s in proportion to the g/’s, is an allocation that satisfies (4.2).
Recall that this allocation is globally optimal for k=2. It would be of interest to
determine how close this allocation is to the optimum for k=3 when P, < P*< Py
holds and hence when y° is known not to be optimal. To this end we determined
the smallest A-value (denoted by 1) for the allocation 7 such that the associated
probability is = P* for the o *configurations and P*-values listed in Table 2. We
also calculated the percentage relative saving (IfS) associated with 7 relative to y°
as in (4.1). The results are given in Table 3.

Inspection of Tables 2 and 3 reveals that in many cases, the § allocation achieves
relative savings nearly equal to those achieved by the optimal allocation §. The §
allocation improves upon the y° allocation in all of the cases studied except two
(for 62=(1,2,3) and (1,1,3) when P*=0.99), and in those two cases the excess
sample size required by § compared to that required by y° is not large, in relative
terms.

Recognizing the computational difficulties involved in determining the optimal
allocation § when P, < P*< P, holds, we recommend the 7 allocation in this case
with little reservation.

(4.3)

5. Concluding remarks

In this paper we have shown that the convenient allocation »° given by (2.7) is
locally optimal for k=3 if and only if P*< P, or P*= Py where P; and P can be
explicitly determined given S, and £,, respectively. The determination of the global-
ly optimal allocation § (whether or not it equals y°) requires the knowledge of all
of the f/s, and the determination of the associated sample sizes A; needed to
guarantee (1.1) for specified {J* P*} requires the knowledge of all of the af’s.
The optimal allocation is difficult to determine when P, < P*< Py holds. In that
case, use of the allocation § given by (4.3) (or some other allocation satisfying (4.2))
is suggested.

There are two matters of concern when the variances are unequal. First, assuming
that selection in terms of means is still meaningful, the appropriateness of the pro-
cedure R, which bases its decision on the sample means X;, may be called into
question for the following reason: Suppose that the two largest sample means differ
by a very small amount, but the largest sample mean has a much a larger variance
than the second largest sample mean. (This is possible even when the Uiz’s are equal
but the »;’s are not.) Intuition suggests that in this case we should select the popu-
lation yielding the second largest sample mean as the ‘best’. This is because the se-
cond largest sample mean is a much more reliable estimator of its population mean
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(which is thus likely to be large and possibly the largest) than the largest sample
mean is of its population mean (which is thus less likely to be the largest). Recently
Berger and Deely (1988) have given a Bayesian solution to this problem which in-
volves shrinking the sample means toward a central average, the extent of shrinkage
being greater for extreme (large or small) sample means having larger variances.

The second matter concerns the appropriateness of the selection goal itself. If the
population having the largest mean also has (nearly) the largest variance then the
experimenter might wish to select another population with a somewhat smaller mean
if it also has a small variance. Santner and Tamhane (1984) have proposed a for-
mulation and a procedure for such a selection goal.

Appendix
We now provide the proofs of the three theorems stated in Section 3.

Proof of Theorem 1. Instead of y, it will be more convenient to work in terms of
a=(aj,...,0;) where

a;=Vr/B; (1<i<k).

We wish to determine the necessary and sufficient conditions for the allocation y°
given by (2.8), i.e.,

=)o, ...,a) =k 1k, ..., 1//k),
to be locally optimal. Since at a’ we have P, =---=P, = P? as noted in (2.9), and
since the objective function to be maximized is min, ;. P;, it follows that

a? is locally optimal

o for every ce €%, 3i (1 <i<k) which in general depends on ¢3
ko P
o j=1
k

ady;
where €%={c: ¥1_, ¢;=0} is the space of all k-dimensional contrasts. Note that
the quantity on the left-hand side of the equality in (A.1) is the gradient of P; at
a® along the direction c.
To derive a formula for this gradient we require the partial derivatives dP;/dq,
(j#i) and dP;/dq; evaluated at a”. It can be shown that

=<0 (A.1)

a()

d 0 0
d—EP,»(y1 + 18 eny Vo €1 E)

o

aP;

— | =VkAQ A2

o P (A.2)
where A(4) is defined in (3.1), and

aP;

3 H|o=—(k—1)WkB(A) (A.3)

Qi |a®
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where B(1) is defined in (3.2). Hence the gradient in (A.1) can be written as

é:l Cj<%%><3:> J; <2&1ﬁ,><ap>

:K{ fA(/l)——(k—l)]/_B(,l)}
j= lﬁ/ B

J#Ei

al)

(using (A.2) and (A.3))

k Koo oo [GA-1
=—A(A —— k| ———
2 ( )LZI B B { G B

where G(4) is defined in (3.3). Since 4(1)>0, condition (A.1) is equivalent to the
condition:
% is locally optimal
k
& Vee€*, Ji(l<isk) 3 Y d;—dkH()=<0 (A.4)
J=1
where for notational convenience we have put
di=ci/f; (1=i<k)
and
HQA)=(GR)-1)/G(A).
We consider three cases separately: G(A1)=1, i.e., H(A)=0; G(A)>1, i.e., HA)>0;
and G(A)<1, i.e., HA)<O0.
Case 1 (G(A)=1, i.e., H(A)=0). In this case a’ is locally optimal

k
s Vee#h, ¥ d=<0

o fr=re=fy=1
=Y 012:...:0/3

Case 2 (G(A)>1, i.e., H(1)>0). In this case we want to show that «° is locally
optimal iff G(1)= g, (because we cannot have G(A)=p, since B, <1). We first do
the ‘only if” part of the proof Thus suppose a° is locally optimal. Choose d, =
di_,=1 and dk=—Z, 1 /By. From (A.4) we then have,

. D
Jisk-1)- ﬂ— —d;kH(1)=<0.

However, this is true iff '
Anax KHA) = k(1 - 1/8y)
& HA)=1-1/8, (since d,;,=1)
e GA)=pg,. (A.5)
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For the ‘if” part of the proof, we must show that G(1)=f, = for any ce €*,
(A.4) holds for some i. We will show that for a given ¢ e €*, this is true for i=i*
where d;»=max,.;d; and I={i: ¢;>0}. To prove this we introduce additional nota-
tion and derive two inequalities. Let J={j: ¢;<0}, card(/)=s (1=s<k—1), ¢;=
YieiCi=—c¢y, di=Y,.;d; and ;=% ., B;. The first inequality is obtained as
follows:

G(A) = By

K
= kB HA)= ;l (Bx—B:) (by using (A.5))
= kB H()= Zl(ﬁk—ﬁ,-)=SBk—ﬂ1 (A.6)

= s—kHQA)=B,/0. (A.7)

The second inequality is obtained as follows:
di+.=d; foriel

= di(1 =8/ )y=d:(1 -p;/8,) foriel

= ¢—dufiz(d;—d-)B; foriel

= ¢;—dpfr=(d;—sd;«)B, (by summing over iel)

= {di— (/BB — Bz {d;—s(c;/B} B (by rearranging terms)

= {dps—(c;/BD} kB H(R) = {d;—s(c;/B)}Br  (by using (A.6))

= d—diukHA)<{s—kHWM\)}(c;/f3)). (A.8)

In the penultimate step above we have used the fact that d;.=c¢;/f;.
Returning to the ‘if’ part of the proof, we see that for i=i*, the left-hand side
of (A.4) equals

k
Y d,—d,.kH()
5
jed

sd;—djkH(A)+c,;/B; (since B,=p; and ¢;<0 for jeJ)
<{s—kH(A)}(c,;/B;)—c;/B; (by using (A.é) and ¢;=-¢;)
=(B1/Bi)c;/Br)—c;/Bi  (by using (A.7))

=0.

This shows that for given c¢e €*, (A.4) holds for i=i*. This completes the proof
for Case 2.

Case 3 (G(A)<1,i.e., H(A)<0). The proof in this case is analogous to that in Case
2. Here we want to show that a® is locally optimal iff G(1) <, (because we cannot
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have G(A)= g, since B; >1). The proof of the ‘only if” part is obtained by choosing
dlzifzz fi/B, and dy=---=d,=—1. The proof of the ‘if’ part is obtained by
showing that G(1)<p, = for any given ce €*, (A.4) holds for i =, * where \dj«| =
max;.; |d;|. This completes the proof of Case 3 and hence of the theorem. [

The corollary to Theorem 1 follows from Case 1 considered above, or from the

fact that B <1< p, with equalities holding iff g} =--=0g}.

Proof of Theorem 2. The continuity of G(4) follows from the continuity of the in-
tegrals A(4) and B(4). The limiting value of G(4) for 4 — 0 is obtained by noting that

A(0) = B(0) = \ Tk g ) dx>0

J—o0

and hence lim; _y G(A)=c0. Next, by combining the ¢(x) and (b(x—/l/]/E) terms
and setting y =x—A/2)/k we can write

e—Az/4k oo A A
AN = + — <15"‘2< +—)e”’d
@ I e
and 5
ef/l /4k oo pl ) yl N
B(A) = \ — L ek yr L ey,
® m< 2ﬁ> <y 21/E>e g

Hence we have from (3.3),

k >[ CA)+ (A/zl/l?)D(A)]

GA) = <

k-1 A/ODM) (A-9)
where
oo A :
C — k=2 -y
(7)) .Loydi <y+—2ﬂ>e dy (A.10)
and
. X 2
_ k=2 -y
D))= ‘!_m @ <y+ 2ﬁ>e dy. (A.11)

It is easy to see that lim;, ,C@A)={" ye? dy=0 and lim,_ . D(})=
ff’m e’ dy>0. Hence the limit of the square bracketed term in (A.9) as A — o is
¥, which yields lim, , , G(A)=k/2(k —1).

To show that G(4) is strictly decreasing in A, we must show that C(A1)/AD(1) is
strictly decreasing in A. To demonstrate this it suffices to show that C(1)/D(1) is
strictly decreasing in 4, i.e., for 0=1,<A1, we have

C(1,)/D(A,)> C(A,)/D(1,).
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However, this is true iff

(" o oo A 5 5
¢k-—2 (Dk 2< + >—(y +Z)d d
t\._mj_my <y zlf) ok yae
foo oo /1
> pk-2 + (pk 2< >—(y +Z)d d
.\,-m\vmz <y 21F> 2/k e
| (y z){qﬁ" 2<y+ A >¢"2<z /12> ok~ 2<y+ >
2k 2)k 2k

X k- 2<z+y>}e<yz+lz)dydz>o. (A.12)
Since y —z>0, (A.12) will be true if the quantity in the curly brackets is >0, which
follows from the strictly increasing montone likelihood ratio property of the normal
distribution.

The uniqueness of A; and Ay (when £, <k/2(k — 1)) follows from the continuity
and strictly decreasing property of G(4). This completes the proof of the theorem.
O

(54

vy>zw

The corollary to Theorem 2 follows because for A<, and A=Ay, y° is locally
optimal, and the corresponding max-min probability of a correct selection, P°,
given by (2.9) is a strictly increasing function of A.

Proof of Theorem 3. In (A.10) set z=y}2 to yield

qu" 2<T + T>¢(Z) dz.

Integrate by parts with q)k’z(z/}/i + A/Zf) =u and —¢(2) =v (and hence z¢(z) dz =
dv) to yield

o ).

2 Gl g o

In (A.13) the first term inside the curly brackets is zero. In the second term, note that

(i3 e o0 (e ) (5 57)

and make the change of variables /3z+A/2)3k=y, i.e., 2//2+42)k=y/}/3+
A/3Vk, to obtain
Y

Skl 2N (2L A
C() =5tk 2)¢<W> | o <V§ + 3ﬁ)qu) dy
= VEnk = () Dy _3(1/)/2 | §). (A.14)

C)=yin

+
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Here 7= 4/1/6k, and the middle step above follows from the identity

a2
1 +a?

where p>0 is an integer, @ and b are arbitrary reals, and the notation @,(x ’ Q) is
defined in Section 3.
In the same way it can be shown that

D) =ynd, (] ). (A.15)

Finally substituting (A.14) and (A.15) in (A.9), and the resulting expression for
G(A) in equation (3.6) leads to equation (3.9). This completes the proof of the
theorem. [

- ,
| @@+ b)p() dy- %(W

v — Q0
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